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The Andreadakis conjecture for Subgroup of PΣn
Abdoulrahim Ibrahim ∗
Abstract
We study in the group partial inner automorphism group which is subgroup of
the basis-conjugating automorphism group PΣn and we show that this subgroup
satisfies the equality of Andreadakis.
1 Introduction
Let Fn be a free group of rank n ≥ 2 generated by x1, . . . , xn and Aut(Fn) is its
automorphism group. The identity on abelianization group IAn is the subgroup
of Aut(Fn) which induces the identity automorphism on the abelianized group
of Fn. This subgroup [1] is generated by the automorphisms as follows
ξi,j,k =
{
xi 7−→ xi[xj , xk] if i 6= j, k; j > i,
xl 7−→ xl if l 6= i
(1)
ξi,j =
{
xi 7−→ x
−1
j xi xj if i 6= j,
xl 7−→ xl if l 6= i
(2)
The basis-conjugating automorphisms group or McCool group PΣn is the sub-
group ofAut(Fn) generated by the ξi,j , and McCool [2] gave a finite presentation
for this subgroup. In [3], Andreadakis introduced a descending filtration of the
automorphism group Aut(Fn)
Aut(Fn) = An(0) ⊃ IAn = An(1) ⊃ An(2) ⊃ · · · ⊃ An(k) ⊃ . . .
which is central. Let ΓIAn(k) be the lower central series of IAn, Andreadakis
conjectured that An(k) = ΓIAn(k) for each k ≥ 1. Satoh [4] studied the An-
dreadakis conjecture in the case of McCool group and he found it difficult to
prove the general case, but he proved for the first three cases.
Bardakov and Neshchadim[5] defined a subgroup of McCool group, the partial
inner-automorphisms group In and they proved that PΣn = 〈In, Pn〉 where Pn
the pure braid group on the n strings. The Andreadakis conjecture is true for
the case pure braid group Pn by Darne´ [6]. We found it interesting to know if
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the conjecture is true also for the case of group In. In this paper we show that
the equality of Andreadakis holds for the group In. First recall, Let ΓI(k) be
the lower central series, for k ≥ 1 of In and we note
grk(In) = ΓI(k)/ΓI(k + 1)
the graded quotient of the lower central series of In. Let AIn(k) be the An-
dreadakis filtration for k ≥ 1 of In and Grk(AIn) its graded quotient. Hence our
result is as follows.
Theorem 1.1. For each k the map גk : gr
k(In) −→ Grk(AIn) induced by the
inclusion ΓI(k) →֒ AIn(k) is an isomorphism. Mainly ΓI(k) = A
I
n(k).
Acknowledgments: I thank Takao Satoh and Thomas Haettel, who agreed
to read my article and for their helpful comments. I also thank Jacque Darne´
for the useful discussion.
2 McCool Group PΣn
Let Fn be a free group of rank n ≥ 2 with free generators x1, x2, · · · , xn and
Aut(Fn) its automorphism group. An automorphism of Fn which map every
generators to a conjugate of itself is called a basis-conjugating automorphism
of Fn. Let PΣn be the subgroup of Aut(Fn) generated by all basis-conjugating
automorphisms. McCool [2] proved that the subgroup PΣn is generated by the
automorphism ξi,j , 1 ≤ i 6= j ≤ n. McCool provided a finite presentation of
PΣn and proved the following theorem.
Theorem 2.1. [2] A presentation of PΣn, n ≥ 2 is given by generators ξi,j
together with the following relations
ξi,j .ξk,j .ξi,k = ξi,k.ξi,j .ξk,j for i, j, k distinct. (3)
[ξk,j , ξs,t] = 1 if {i, j} ∩ {s, t} = ∅. (4)
[ξi,j , ξk,j ] = 1 for i, j, k distinct. (5)
[ξi,j .ξk,j , ξi,k] = 1 for i, j, k distinct. (6)
The subgroup PΣn is called either the basis-conjugating automorphism
group or McCool group. The upper triangular McCool group PΣ+n is the sub-
group of PΣn generated by ξi,j for n ≥ i > j ≥ 1. Bardakov and Neshchadim
[5] defined in PΣn elements νni = ξ1,iξ2,i · · · ξn,i, 1 ≤ i ≤ n and n ≥ 2 with
νni : xk 7→ x
−1
i xk xi, 1 ≤ k ≤ n.
and they put ξi,i = 1 by definition.
The automorphism νni is the inner automorphism of Fn that acts as conjugation
by the element xi. If l < n, νli = ξ1,iξ2,i · · · ξl,i is an inner automorphism of
Fl = 〈x1, . . . , xl〉 that acts as conjugation by an element xi and acts trivially
on {xl+1, xl+2, . . . , xn}. The subgroup Vn = 〈νn1, νn2, . . . , νnn〉 is generated by
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νni, and is obviously the inner automorphism group Inn(Fn) of Fn. Similarly,
for 2 ≤ l < n, Vl is equal to the inner automorphism group Inn(Fl) of rank l.
Bardakov and Neshchadim [5] defined the partial inner automorphism group
In = 〈V2, V3, . . . , Vn〉 as the subgroup of PΣn generated by {νij ; 1 ≤ j ≤ i ≤ n}.
They proved that the group In = 〈V2, V3, . . . , Vn〉 is a poly-free group,
In = Vn ⋊ In−1 = Vn ⋊ Vn−1 ⋊ · · ·⋊ V2
with V2 = PΣ2 = I2 and the following proposition.
Proposition 1. [5] The group In, n ≥ 2, is generated by elements {νij ; 1 ≤
j ≤ i ≤ n} and is defined by relations
[νli, νmi] = 1 for i,m, l distinct. (7)
[νmi, νlj ] = 1 if i > l. (8)
[νmi, νlj ] = [νmi, νmj] for i ≤ l, j 6= i. (9)
3 The lower central series of In
Recall now the graded quotients associated the lower central series of a group.
LetG be a group. For any elements x and y ofG, the element [x, y] = x−1y−1xy
is called the commutator of x and y. For subgroups H and F of G, we denote
by [H,F ] the commutator subgroup of G generated by [h, f ] for all h ∈ H
and f ∈ F .
For a group, the lower central series of G is defined by the rule
ΓG(1) := G, ΓG(k + 1) := [ΓG(k), G] , k ≥ 2
We denote by grk(G) := ΓG(k)/ΓG(k + 1) the graded quotient of the lower
central series of G. For the case G = Fn, we note Γn(k) for ΓFn(k) and Ln(k)
for grk(Fn).
For elements x1, x2, . . . , xm ∈ G, a simple commutator is an iterated commuta-
tor that can be expressed as a left-normed commutator, i.e., a commutator of
the form:
[xi1 , · · · , xik ] = [[· · · [[xi1 , xi2 ] , xi3 ] · · · ]xik ]
where ij ∈ {1, · · · ,m}
In order to obtain the quotient of the lower central series of In, we will use
the following theorem of Falk and Randell.
Theorem 3.1. [7] Let A, B and C be a group. Suppose that 1 → A →֒ B ։
C → 1 is a split exact sequence of groups, and the induced conjugation action
of C on Aab is trivial. Then the sequence of induced maps
0→ grk(A) →֒ grk(B)։ grk(C)→ 0
is split exact for every k ≥ 1
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Let ΓI(k) be the lower central series, for k ≥ 1 of In and we note the graded
quotient
grk(In) = ΓI(k)/ΓI(k + 1)
of the lower central series of In is an abelian group. To apply Theorem 3.1 to
the group In = 〈νlm|1 ≤ m ≤ l ≤ n〉, consider this split extension
1→ Vn →֒ In = Vn ⋊ In−1 ։ In−1 → 1
Lemma 1. The conjugation action of In−1 on V
ab
n is trivial, so there is a
split sequence of graded quotient of the lower central series 0 → grk(Vn) →֒
grk(In)։ gr
k(In−1)→ 0
Proof. The automorphism νnt is an inner automorphism of Fn conjugating by
an element xt and In−1 = 〈νij |1 ≤ j ≤ i ≤ n − 1〉. We regard the images of
generators for Fn under ν
νij
nt = νijνntν
−1
ij .
First if t = j then assume that 1 ≤ l ≤ i
x
νitνntν
−1
it
l = (x
−1
t xlxt)
νntν
−1
it
= (x−1t xtxtx
−1
t xlxtx
−1
t x
−1
t xt)
ν−1
it
= xtxlx
−1
t
= xνitl (10)
if now i+ 1 ≤ l ≤ n, so we have
x
νitνntν
−1
it
l = x
νntν
−1
it
l
= (x−1t xlxt)
ν
−1
it
= x−1t xlxt
= xνntl (11)
Thus if t = j we have ν
νij
nt = νnt.
Now t 6= j, assume that 1 ≤ l ≤ i, but if t ≤ i then
x
νijνntν
−1
ij
l = (x
−1
j xlxj)
νntν
−1
ij
= (x−1t x
−1
j xlxjxt)
ν
−1
ij
= xjx
−1
t x
−1
j xlxjxtx
−1
j
= x
νnjνntν
−1
nj
l (12)
if now i+ 1 ≤ l ≤ n, then
x
νijνntν
−1
ij
l = (xl)
νntν
−1
ij
= (x−1t xlxjxt)
ν
−1
ij
= xjx
−1
t x
−1
j xlxjxtx
−1
j
= x
νnjνntν
−1
nj
l (13)
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it remains the case t > i, suppose that 1 ≤ l ≤ i
x
νijνntν
−1
ij
l = (x
−1
j xlxj)
νntν
−1
ij
= (x−1t x
−1
j xlxjxt)
ν
−1
ij
= x−1t xlxjxt
= xνntl (14)
and if i+ 1 ≤ l ≤ n, we have
x
νijνntν
−1
ij
l = (xl)
νntν
−1
ij
= (x−1t xlxt)
ν
−1
ij
= x−1t xlxt
= xνntl (15)
We here summarize
if t = j then ν
νij
nt = νnt
if t 6= j and t ≤ i then ν
νij
nt = νnt
[
νnt, ν
−1
n j
]
if t 6= j and t > i then ν
νij
nt = νnt
It follows then that conjugation action of νij on the class of νnt in V
ab
n fixes that
class. Thus there is a short exact sequence by the result of Falk and Randell.
The next proposition then follows directly. Let grk(PΣ+n ) be the graded
quotient of the lower central series of PΣ+n .
Proposition 2. If k ≥ 1, there is a group isomorphism grk(PΣ+n+1) = gr
k(In)
Proof. Since Vn ≃ Inn(Fn) ≃ Fn and by induction on n, we have
grk(In) ≃ ⊕
n
j=2gr
k(Vj) ≃ ⊕
n
j=2gr
k(Fj)
And by result [8], we have
grk(PΣ+n+1) = ⊕
n
j=2gr
k(Fj) as abelian group
thus grk(PΣ+n+1) ≃ gr
k(In)
Recently, Kofinas et al. [9] investigated of the Lie algebra associated to the
lower central series gr(In) = ⊕k≥1grk(In) of In and found a presentation for it.
4 Johnson homomorphism and Andreadakis con-
jecture
In this section, we recall the Johnson homomorphism. First let Γn(k) be the
lower central series of Fn and the kernel of this homomorphism
Aut(Fn) −→ Aut(Fn/Γn(k + 1))
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will be noted by An(k). This kernel An(k) called the Andreadakis filtration of
Aut(Fn) and An(k) defined a descending central filtration
IAn = An(1) ⊃ An(2) ⊃ · · · ⊃ An(k) ⊃ . . .
We define the Andreadakis filtration of In as the Andreadakis filtration of
Aut(Fn) restricted to In, will be then AIn(k) = In ∩ An(k) for each k ≥ 1. We
have also the descending central filtration of In
In = A
I
n(1) ⊃ A
I
n(2) ⊃ · · · ⊃ A
I
n(k) ⊃ . . .
For each k ≥ 0, we denote the graded quotient by
Grk(AIn) := A
I
n(k)/A
I
n(k + 1)
which is abelian subgroup of Grk(An) = An(k)/An(k + 1). We recall An-
dreadakis’s results on the Andreadakis filtration.
Theorem 4.1. [3]
(1) for any k, l ≥ 1, σ ∈ An(k) and x ∈ Γn(l), x−1xσ ∈ Γ(k + l).
(2) for any k, and, l ≥ 1, [An(k),An(l)] ⊂ An(k + l).
In [3], Andreadakis conjectured that ΓIAn(k) = An(k), for k ≥ 3 and he
proved for k = 2 using a homomorphism that now is called Johson homomor-
phism. It is defined as follows. Consider a homomorphism
τk : An(k) −→ Hom(F
ab
n ,Ln(k + 1))
defined by the formula
σ 7−→ (x 7→ x−1xσ), x ∈ F abn .
Furthermore the kernel of this homomorphism is just An(k + 1), thus it
induces an injective homomorphism and for details, see [12].
τk : Gr
k(An) →֒ Hom(F
ab
n ,Ln(k + 1))
The homomorphism τk is called the k-th Johnson Homomorphism of Aut(Fn).
We denote by τIk the k-th Johnson homomorphism τk restricted to Gr
kAIn for
each k ≥ 1. This restriction homomorphism is also injective. There is a natural
homomorphism
גk : gr
k(In) −→ Gr
k(AIn)
induced by the inclusion ΓI(k) →֒ AIn(k). We define a homomorphism τ
(I)
k to
be the composition of גk and the Johnson homomorphism τ
I
k :
τ
(I)
k := τ
I
k ◦ גk : gr
k(In) −→ Hom(F
ab
n ,Ln(k + 1))
Recall that the upper triangular McCool group PΣ+n is generated by ξi,j for
1 ≤ j < i ≤ n, the values of the image of the k-th johnson homomorphism were
computed for PΣ+n by Cohen et al. [10] and they proved the following result.
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Proposition 3. [10] If j1, j2, . . . , jk < i then
τk([ξi,j1 , ξi,j2 , . . . , ξi,jk ])(xl) =
{
xl if l 6= i
[xj1 , xj2 , . . . , xjk , xi] if l = i
(16)
Since Hom(F abn ,Ln(k + 1)) = H
∗ ⊗Z Ln(k + 1), with H = F abn , then the
image of the k-th johnson homomorphism becomes
τk([ξi,j1 , ξi,j2 , . . . , ξi,jk ])(xi) = x
∗
i ⊗ [xj1 , xj2 , . . . , xjk , xi]
with 1 ≤ j1, j2, . . . , jk < i ≤ n.
Consider the subgroup of H∗⊗Z Ln(k+1), with H = F ab, generated by all the
set {x∗i ⊗ [xj1 , xj2 , . . . , xjk , xi] , 1 ≤ j1, j2, . . . , jk < i ≤ n}. This subgroup is
denoted Wn(k) and Satoh proved, the following result.
Proposition 4. [11] For each k ≥ 1, there is a group isomorphism grk(PΣ+n ) ≃
Wn(k).
From the proposition 2 and 4, we have this proposition.
Proposition 5. For each k ≥ 1, there is a group isomorphism grk(In) ≃
Wn+1(k) as abelian group.
Now we show that the image of the Johnson τIk is contained in Wn+1(k)
Lemma 2. For each k ≥ 1, Im(τIk ) ⊂Wn+1(k).
Proof. For any σ ∈ AIn(k) = In ∩An(k), and as In = Vn ⋊ In−1 = Vn ⋊ Vn−1 ⋊
· · ·⋊ V2.
Then σ = φj2φj3 · · ·φjn where φjl ∈ Vl with l = {2, . . . , n} and Vl ≃ Inn(Fl),
so we define, for all 1 ≤ jl ≤ l − 1 and ∀x ∈ Fl
φjl : Fl → Fl
x 7→ x−1jl x xjl
We see that,
xφj2φj3 = x−1j3 x
−1
j2
x xj2xj3
and also
xφj2φj3φj4 = x−1j4 x
−1
j3
x−1j2 x xj2xj3xj4
Next σ = φj2φj3 · · ·φjn , then
xσ = (xj2xj3 · · ·xjn)
−1x (xj2xj3 · · ·xjn), with 1 ≤ jl ≤ l − 1.
Set δl := xj2xj3 · · ·xjn , with 2 ≤ l ≤ n, then x
−1
l x
σ
l = x
−1
l δ
−1
l xl δl = [xl, δl]
and since σ ∈ AIn(k), we have [xl, δl] = x
−1
l x
σ
l ∈ Γn(k + 1), for any 2 ≤ l ≤ n.
Next we have
τIk (σ) = −
n∑
l=2
x∗l ⊗ [δl, xl] ∈ H
∗ ⊗Z Ln(k + 1), with H = F
ab
n .
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It remains to show that δl ∈ Γn(k). Suppose that δl /∈ Γn(k) so there exists a
unique 1 ≤ m ≤ k − 1 such that δl ∈ Γn(m)/Γn(m+ 1) and as
[δl, xl] ∈ Γn(k + 1) ⊆ Γn(m+ 2) because k + 1 ≥ m+ 2.
Next since 0 6= δl ∈ Ln(m) and [δl, xl] = 0 in Ln(m+ 1), then
δl ∈ ker(β : Ln(m) →֒ Ln(m+ 1))
Since ker(β) = 0, so δl = 0 in Ln(m). This mean δl ∈ Γn(m + 1) and this is a
contradiction, thus δl ∈ Γn(k). Finally we have shown Im(τIk ) ⊂Wn+1(k)
The following result we give an affirmative answer to the Andreadakis con-
jecture restricted In.
Theorem 4.2. For each k the map גk : gr
k(In) −→ Grk(AIn) induced by the
inclusion ΓI(k) →֒ AIn(k) is an isomorphism. Mainly ΓI(k) = A
I
n(k).
Proof. We show this theorem by the induction on k ≥ 1. By definition, for
the case k = 1, ΓI(1) = AIn(1) = In is true. Since τ
I
1 is the abelianization of
AIn(1) = In and the composition homomorphism
τ
(I)
1 := τ
I
1 ◦ ג1 : gr
1(In) −→Wn+1(1)
is an isomorphism. Thus the natural homomorphism ג1 is injective. Hence
ΓI(2) ⊃ A
I
n(2), and since ΓI(2) ⊂ A
I
n(2) then ג1 is also isomorphism.
Assume k ≥ 1, ΓI(k) = AIn(k) and גk : gr
k(In) −→ Grk(AIn) is an isomor-
phism. First, by the induction hypothesis, we have ΓI(k + 1) = AIn(k + 1) and
the surjective homomorphism
grk+1(In) −→ Gr
k+1(AIn) −→Wn+1(k + 1)
Furthermore, the composition homomorphism
τ
(I)
k+1 := τ
I
k+1 ◦ גk+1 : gr
k(In)→Wn+1(k)
factors through Grk(AIn). The above homomorphism is an isomorphism and
Im(τIk+1) ⊂Wn+1(k + 1), this composition
grk+1(In) −→ Gr
k+1(AIn) −→Wn+1(k + 1)
τIk+1 ◦ גk+1 give us that גk+1 must be also an isomorphism. Hence
ΓI(k + 2) = A
I
n(k + 2)
We finish with this corollary
Corollary 4.1. For each k ≥ 1, Im(τIk+1) = Wn+1(k + 1).
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